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Are you semialgebraic?
A convex bodyK ⊂ Rd is said to be semialgebraic if it is a semialgebraic set, i.e., a boolean
combination of polynomial inequalities. Its algebraic boundary is the Zariski closure of its
topological boundary:

∂aK = ∂K ⊂ Cd.

This is a hypersurface. One can study its dimension, degree, and irreducible components.
They give us information about the convex body K itself.

What is your intersection body?
The intersection body ofK ⊂ Rd is the starshaped set IK whose radial function is defined
on Sd−1 by

ρIK(x) = vol(K ∩ x⊥).

Theorem ([BBMS22]). Let P ⊂ Rd be a polytope. Its intersection body is semialgebraic.
Each irreducible component of ∂aIP has degree bounded from above by f1(P )− (d− 1).

We also point out that the face structure of IP is related to the normal fan of a zonotope,
namely the projection body of the dual polytope P ◦.

Introduction
A convex body K ⊂ Rd is a compact, convex, non-empty
set. It is classically the object of study of convex geometry.
We want to investigate it here combining tools from convex
geometry, real and complex algebraic geometry.
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Ongoing & Future Research

→ convex hulls of surfaces in R4

→ volumes of convex hulls of curves

→ fiber bodies of Gram spectrahedra

→ rank-one convexity

→ more on intersection bodies and
on similar constructions

→ more on semialgebraic zonoids

What is your fiber body?
LetK ⊂ Rn+m be a convex body and let π be the projection
onto Rn. The fiber body ΣπK ⊂ Rm of K with respect to
the projection π is the Minkowski integral of the fibers of π.

In [MM21], we study some properties of this construction.
We prove that the fiber body of a zonoid is a zonoid, and
give formulas to compute this object. An example shows
that the fiber body does not preserve semialgebraicity.

Are you a discotope?
LetD1, . . . , DN ⊂ Rd be discs of any dimension. The asso-
ciated discotope is their Minkowski sum:

D = D1 + . . .+DN .

A discotope is a semialgebraic zonoid. In [GM21], we
study a component, or possibly subvariety, of the algebraic
boundary of D: the Zariski closure of the set of extreme
points. The cases in which it is a subvariety are completely
characterized: it is irreducible with

dim =
N∑
i=1

dim ∂Di, deg = 2N .

In the other cases, in which it is a hypersurface, we have
scattered results on irreducibility and degree, that lead to
the following conjecture:

Conjecture. Let D1, . . . , DN ⊂ Rd be generic discs of di-
mension at least 2, and let D be the associated discotope.
The Zariski closure of the set of its extreme points is an irre-
ducible hypersurface.

The extreme points of the discotope are shown in red and
their Zariski closure, in this example, has degree 24 and is
birational to a K3 surface.

Do you apply yourself?

Yes, to quantum physics!

The set of quantum correlations is a fundamental object in quantum information theory.
The article [LMS+21] studies this set Q in the minimal scenario, namely when it is 4-
dimensional. The original definition involves Hilbert spaces and Hermitian operators, but
one can prove that Q is:

(i) a semialgebraic convex body;

(ii) the convex hull of a hypersurface in R4;

(iii) a spectrahedral shadow, projection of a spectrahedron in R6;

(iv) the image of the cross-polytope in R4 under a trigonometric map.

We also compute the support function ofQ. This convex body is sandwiched between two
polytopes. We prove that such a chain of inclusions, and in particular Q, is self-dual up to
an orthogonal transformation. The image below shows parallel hyperplane sections of Q.

The geometry of the extreme points ofQ has concrete applications in the field of quantum
key distribution, for generating secret keys.


