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Sommario

Uno dei problemi centrali della topologia differenziale è decidere se due va-
rietà sono o non sono diffeomorfe. Condizione necessaria, ma non sufficiente,
è che esse siano omeomorfe. Un caso particolare è quello della caratterizza-
zione della n-sfera; nel 1952 Reeb trovò le giuste condizioni da porre su una
varietà liscia per garantire l’esistenza dell’omomorfismo desiderato. Alcuni
anni dopo Milnor indebolì le ipotesi del teorema di Reeb; era chiaro però che
nel corso di entrambe le loro dimostrazioni veniva distrutta la struttura dif-
ferenziale della varietà. Questo risultato sorprendente fu l’inizio della ricerca
nelle cosiddette "sfere esotiche" e più in generale nel problema di trovare e
classificare tutte le possibili strutture differenziali di una varietà.

Lo scopo di questo lavoro è di generalizzare il teorema della sfera di Reeb.

Teorema (Reeb). Sia X una varietà liscia, chiusa, di dimensione n che
ammette una funzione di Morse f : X → R con due soli punti critici (non
degeneri). Allora X è omeomorfa a Sn.

La nostra idea è quella di lasciare più libertà alle controimmagini dei
valori critici, assumendo che siano sfere embeddate o anche solo sottocom-
plessi. In questa generalità non necessariamente la varietà sarà una sfera,
ma è comunque possibile in molti casi descriverla topologicamente.

I primi tre capitoli introducono concetti e risultati noti che saranno utili
successivamente. Il punto di partenza è la teoria di Morse classica, che rap-
presenta il legame tra la topologia di una varietà e le proprietà delle funzioni
che vi si possono costruire sopra. Essenziale è la condizione di non degene-
ratezza di un punto critico: nel capitolo 1 ne spieghiamo il motivo studiando
i sottolivelli di una funzione di Morse e dimostrando come la topologia cam-
bia quando si passa un punto critico. Viene dimostrato quindi l’importante
ruolo delle disuguaglianze di Morse.

Il secondo capitolo introduce la teoria dei manici, sviluppata da Smale
e Wallace molti anni dopo la nascita della teoria di Morse, nonostante le
due siano strettamente collegate. Data una varietà n-dimensionale X con
bordo e fissato k, 0 ≤ k ≤ n, con k-manico n-dimensionale si intende una
copia di Dk × Dn−k attaccata al bordo di X lungo ∂Dk × Dn−k tramite
un embedding ϕ : ∂Dk × Dn−k → ∂X. Si può quindi decomporre una
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varietà risalendo ad un certo numero di manici incollati uno dopo l’altro.
In dimensione 3 questo risultato permette di definire il cosiddetto genere di
Heegaard g di una varietà. Di particolare interesse è il caso g = 1 in cui si
ritrovano gli spazi lenticolari.

Il capitolo 3 dà una panoramica sulla nozione di cobordismo e sulle sue
applicazioni. Originariamente introdotta da Pontryagin, divenne importante
grazie al lavoro di Thom e giocò un ruolo fondamentale nello sviluppo della
topologia differenziale. In particolare di seguito viene presentato il teorema
dell’h-cobordismo, insieme alla sua versione più generale: il teorema dell’s-
cobordismo. Questi risultati forniscono delle condizioni sotto le quali una
varietà compatta con bordo è un prodotto e sono lo strumento chiave nella
dimostrazione della Congettura di Poincaré generalizzata.

Infine il quarto capitolo, dopo un richiamo alla dimostrazione del teo-
rema di Reeb, presenta dei risultati originali. Viene introdotta una nuova
famiglia di funzioni chiamate funzioni di Reeb. Si consideri una varietà liscia
X compatta e connessa e una mappa f : X → R almeno C2 senza valori cri-
tici al di là del minimo m e del massimo M ; tale f è detta funzione di Reeb
con estremi f−1(m) e f−1(M). Risulterà rilevante il caso in cui gli estremi
sono sottocomplessi di X; in questa circostanza chiameremo f funzione di
Reeb tame. Innanzitutto viene considerata la dimensione 3. In tale contesto
si possono caratterizzare le varietà di genere di Heegaard minore o uguale
a g tramite le funzioni di Reeb. Più precisamente vale il seguente teorema
(riportato in seguito come Teorema 4.2.6).

Teorema. Sia X una varietà liscia, chiusa, connessa e orientabile di
dimensione 3. Sono equivalenti:

1. ∃f : X → R funzione di Reeb tame con due grafi g-infinito come estre-
mi;

2. X possiede uno spezzamento di Heegaard di genere g.

Questo risultato si può in qualche misura generalizzare per le dimensioni
strettamente maggiori di 4 grazie al teorema dell’h-cobordismo. Apparente-
mente quindi le cose non funzionano solo in dimensione 4, fatto che viene
approfondito e commentato in seguito. La tesi termina con una discussione
su del lavoro ancora in corso il cui scopo è studiare l’esistenza delle fun-
zioni di Reeb evitando di utilizzare lo strumento dell’h-cobordismo, così da
ottenere risultati validi in tutte le dimensioni.
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Introduction

One of the central problems in differential topology is to decide whether or
not two smooth manifolds are diffeomorphic. A necessary, but not sufficient,
condition is that they are homeomorphic. One particular case is that of
characterizing the n-sphere, and in 1952 Reeb found the right conditions
on a smooth manifold that guarantee the desired homeomorphism. Few
years later, Milnor sharpened the hypotheses of Reeb’s Theorem but it was
clear that during the proof the differentiable structure of the manifold was
destroyed. This very surprising result was the starting point of research into
"exotic spheres" and into the more general problem of finding and classifying
all differential structures on a manifold.

The aim of this work is to generalize Reeb’s Sphere Theorem. The latter
considers a manifold and a function on it; if it has only two critical points,
that correspond to the minimum and maximum value, then using the flow
of the function one can prove that the manifold is a topological sphere. We
want to give more freedom to the preimages of critical values, letting them
be embedded spheres or even subcomplexes. In this generality the manifold
need not be a sphere, but it is still possible to describe it topologically in
many cases.

The first three chapters report known concepts and results that will be
useful later. The starting point is classical Morse theory, i.e. the initial link
between the topology of a manifold and properties of functions on it. In
Chapter 1 we recall what the sublevels of a Morse function look like, and
we demonstrate how their topology changes when passing through a critical
value. The Morse inequalities will be shown to play an important role.

The second chapter introduces handle theory which was developed by
Smale andWallace, several years after Morse theory although they are closely
related to each other. After some generalities, we will focus on dimension 3
and then on lens spaces.

Chapter 3 aims to give an overview of the useful notion of cobordism
and its applications. Originally introduced by Pontryagin it came prominent
with the work of Thom and played an important role in the developments of
differential topology. In particular here we present the h-cobordism theorem,
key tool in the proof of the Generalized Poincaré Conjecture, and its more
general version called the s-cobordism theorem.
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INTRODUCTION

Finally the fourth chapter presents some original results. We introduce
a new class of functions that we call Reeb functions (see Definition 4.2.1)
and consider at first the case of dimension 3. In this setting, Theorem 4.2.6
gives a characterization of manifolds of Heegaard genus less or equal than g,
based on the existence of a Reeb function whose minimal and maximal sets
are certain finite connected graphs. Some generalization is provided when
the dimension is strictly bigger than 4 thanks to cobordism theorems, so 4
is apparently the only "bad" dimension. The thesis ends with a discussion
concerning this fact, with a view on some work in progress that may turn
also dimension 4 into a good one.

Notation Throughout this work, when considering a function f : X → R
and a real number a, we will make use of the following notation for sublevels
and superlevels:

af = {x ∈ X | f(x) ≥ a}
af = {x ∈ X | f(x) ≤ a}.

This notation is slightly different from the one used in some standard books
on Morse theory for example, but for the sake of convenience we prefer to
keep track of the function.
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Chapter 1

Morse Theory

In 1925 Marston Morse’s paper "Relations between the critical points of a
real-valued function of n independent variables" appeared in the Transac-
tions of the American Mathematical Society. This was the first step towards
Morse theory, that allows to analyse the topology of a manifold by studying
differentiable functions on it. This chapter gives an overview of the classical
theory (see [Mil63; Nic07; Hir97; Kos93]), starting from main definitions,
passing through the famous Morse lemma, to get to Morse inequalities. The
are a lot of generalizations and variations of Morse theory in different direc-
tions; the last section aims to give an idea of one of these possibilities, i.e.
the Morse-Bott theory.

1.1 Morse functions and critical points

If one picks randomly a book about Morse theory, the first example that he
or she will find is the following. Consider the torus T = S1 × S1 and the
height function h : T → R illustrated in the figure 1.1. We may then notice
that the shape of the sublevels αh changes when we meet one of the points
x0, x1, x2, x3. More formally:

• when α < h(x0), αh is empty;

• when h(x0) < α < h(x1), αh is homeomorphic to a 2-disk;

• when h(x1) < α < h(x2), αh is homeomorphic to a cylinder;

• when h(x2) < α < h(x3), αh is homeomorphic to a compact manifold
of genus 1 with a circle as boundary;

1



CHAPTER 1. MORSE THEORY

Figure 1.1: Height function of the torus: a Morse function

• when h(x3) < α, αh is homeomorphic to the whole torus T .

In general let X be an n-dimensional smooth manifold and f : X → R a
smooth (C∞) function. The differential of f defines a linear map

dpf : TpX → R

for every p ∈ X, where TpX is the tangent space at p.

Definition 1.1.1. A point p ∈ X is said to be a critical point if dpf = 0. A
point y ∈ R is said to be a critical value if there is a critical point in f−1(y).

Consider a vector field V on X and define the derivative of f along V to
be

V (f) = df(V ).

A trivial computation proves the following lemma.

Lemma 1.1.2. Let f : X → R be a smooth function and p ∈ X a critical
point of f . For every vector fields V, V̄ ,W, W̄ on X such that V (p) = V̄ (p)
and W (p) = W̄ (p), then

(VW f)(p) = (V̄ W̄ f)(p) = (WV f)(p).

Therefore the map that we are going to define now does not depend on
the choice of the vector fields. Let p ∈ X be a critical point for f , let V,W
be vector fields on X such that V (p) = V0, W (p) = W0, then the Hessian of
f at p is

Hf,p : TpX × TpX → R
(V0,W0) 7→ (VW f)(p)

which is bilinear and symmetric.

2



CHAPTER 1. MORSE THEORY

Definition 1.1.3. A critical point p is non-degenerate if the Hessian Hf,p is
non-degenerate, i.e.

Hf,p(V,W ) = 0 ∀W ∈ TpX ⇐⇒ V = 0.

Let us look at the Hessian in local coordinates. Suppose to have the
system (x1, . . . , xn) in a neighborhood of p such that xi(p) = 0 for all i, then
any vector field has local description V =

∑
i V

i ∂
∂xi

and we get that

Hf,p(V,W ) =
∑
i,j

V iW jhi,j , where hi,j =
∂2f

∂xi∂xj
(p).

As a consequence the non-degeneracy of a critical point can be checked locally
i.e., p is a non-degenerate critical point if and only if det(hi,j) 6= 0. A classical
definition of linear algebra states that if b is a symmetric, bilinear, non-
degenerate map on an n-dimensional real vector space, then its index is the
maximal dimension of a subspace on which b is negative definite. Therefore
the index of f at p is defined to be the index of Hf,p.

Now the questions are: what is all of this useful for? Why should we
require a critical point to be non-degenerate? The following proposition is
the starting point for answering these questions. First of all let us notice that
if f : V ⊂ Rn → R is a smooth function defined on a convex neighborhood
V of 0, such that f(0) = 0, then it can be written as

f(x1, . . . , xn) =
n∑
i=1

xigi(x1, . . . , xn) (1.1.1)

where the gi’s are smooth functions that evaluated at 0 are just ∂f
∂xi

(0). This
is because

f(x1, . . . , xn) =

∫ 1

0

df(tx1, . . . , txn)

dt
dt =

∫ 1

0

n∑
i=1

∂f

∂xi
(tx1, . . . , txn) xi dt.

Proposition 1.1.4 (Morse Lemma). Let p ∈ X be a non-degenerate critical
point for f : X → R. Then there exists a local coordinate system (y1, . . . , yn)
in a neighborhood U of p such that

• yi(p) = 0 ∀i

• f(y) = f(p)−
(
y21 + . . .+ y2λ

)
+
(
y2λ+1 + . . .+ y2n

)
where λ is the index of f at p.

3



CHAPTER 1. MORSE THEORY

Proof. First of all notice that if we suppose that such a local system exists,
then λ is the index of f at p. In fact the Hessian has the following shape:

−2
. . .

−2
2

. . .
2


where the first λ diagonal elements are −2 and the remaining are 2, so λ
is the maximum dimension that a negative definite vector subspace of the
tangent space can have.

Take now some coordinates (x1, . . . , xn) around p such that p is the origin
and f(p) = f(0) = 0. Up to shrinking the domain of the coordinates, we can
write f as in (1.1.1) where

gi(0) =
∂f

∂xi
(0) = 0 ∀i

because 0 is a critical point. Then we can apply (1.1.1) again but on the
gi’s:

gi(x1, . . . , xn) =
n∑
j=1

xjhi,j(x1, . . . , xn)

for some smooth functions hi,j , therefore

f(x1, . . . , xn) =

n∑
i,j=1

xixjhi,j(x1, . . . , xn).

Notice that it is not restrictive to assume that hi,j = hj,i; the matrix (hi,j(0))

is then
(
1
2

∂2f
∂xi∂xj

(0)
)

so in particular it is non-singular. Now we proceed
with some sort of diagonalization process in a (maybe smaller) neighborhood
of 0; this will be done by induction. Assume that there exist coordinates
(u1, . . . , un) around 0, and r ≤ n such that

f = ±(u1)
2 ± . . .± (ur−1)

2 +
∑
i,j≥r

uiujki,j(u1, . . . , un)

with (ki,j(u1, . . . , un)) symmetric, non-singular. Possibly after some linear
change, kr,r(0) 6= 0 and we can define s(u1, . . . , un) =

√
|kr,r(u1, . . . , un)|

around 0. From the Inverse Function Theorem we get that (v1, . . . , vn) de-
fined by {

vi = ui ∀i 6= r

vr = s(u1, . . . , un)
(
ur +

∑
i>r ui

ki,r(u1,...,un)
kr,r(u1,...,un)

)
4



CHAPTER 1. MORSE THEORY

are a system of local coordinates in a (possibly again smaller) neighborhood
of 0. The fuction f expressed in terms of these vi’s becomes

f = ±(v1)
2 ± . . .± (vr)

2 +
∑

i,j≥r+1

vivjk
′
i,j(v1, . . . , vn).

This inductive step concludes the proof.

We have the following immediate corollary.

Corollary 1.1.5. Non-degenerate critical points are isolated.

The wealth of information given by this standard form of f around such
critical points, led mathematicians to a new definition.

Definition 1.1.6. A function f : X → R with only non-degenerate critical
points is called Morse function.

Remark 1. Asking a function f to be Morse is not a very strong request.
It is a standard fact that the generic function is a Morse function. In fact
if we embed X in Rl, then for almost all (a1, . . . , al) ∈ Rl the function
f(x) = a1x1 + . . .+ alxl is a Morse function on X ([BT13]).

Remark 2. As explained in details in [Nic07] and [Hir97], we can always
perturb (in the C2-topology) a Morse function f in such a way that two
distinct critical points correspond to two distinct critical values.

1.2 Topology of sublevels

The setting for this section is the following: X is a smooth n-dimensional
manifold, f : X → R is a smooth Morse function such that the sublevels af
are compact for every a ∈ R. Moreover we fix a Riemannian metric g on X
(with associated inner product 〈·, ·〉), so that it is possible to talk about the
gradient of f i.e., the vector field grad(f) such that

〈V, grad(f)〉 = V (f) ∀ V ∈ Vect(X)

which vanishes precisely at the critical points of f .

Proposition 1.2.1. Suppose that [a, b] ⊂ R contains no critical values of f ,
then af and bf are diffeomorphic. Furthermore af is a strong deformation
retract of bf , so that the inclusion af ↪→ bf is a homotopy equivalence.

Proof. define on f−1([a, b]) the vector field

V = − grad(f)

〈grad(f), grad(f)〉

5



CHAPTER 1. MORSE THEORY

and consider its flow Φ : R× f−1([a, b])→ f−1([a, b]), (t, x) 7→ Φt(x). If we
fix x, the map

t 7→ f (Φt(x))

is linear with derivative −1, hence bf = Φa−b(
af) and af = Φb−a(

bf). More-
over let H : [0, 1]× bf → bf be the homotopy defined by

H(t, x) =

{
x if f(x) ≤ a
Φt(f(x)−a)(x) otherwise

so that H(0, ·) is the identity of bf and H(1, ·) is the retraction we were
looking for.

Remark 3. The proof of Proposition 1.2.1 remains true when we substitute
grad(f) with any gradient-like vector field W i.e., a vector field such that

W (f) > 0 on X \ {critical points of f}

The interesting part arrives when passing a critical level of f : the index
of the critical point allows to control the changes in the topology of the
sublevels.

Theorem 1.2.2. Let c be a critical value of f containing a single critical
point p of index λ. Then for ε > 0 small enough, c+εf is homotopy equivalent
to c−εf with a λ-cell attached.

Remark 4. For a deeper analysis of attaching handles or cells wait for section
2... or go on and read it now!

Proof. Without loss of generality we can assume that c = 0. Consider the
local coordinate system (y1, . . . , yn) in a neighborhood U of p such that

f = −y21 − . . .− y2λ + y2λ+1 + . . .+ y2n

for which p corresponds to the origin. Fix ε > 0 small enough such that

1. f−1 ([−ε, ε]) contains no critical points of f other than p;

2. the image of U under the coordinate system contains the ball
{∑n

i=1 y
2
i ≤ 2ε

}
.

Let

eλ =

{
λ∑
i=1

y2i ≤ ε, yλ+1 = . . . = yn = 0

}
and note that its intersection with −εf is precisely the boundary of eλ, so
that it is a λ-cell attached to εf . We claim that −εf ∪ eλ is a deformation
retract of εf .

6
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In order to prove the claim, let us construct an auxiliary function F :
X → R. First fix a smooth positive map µ : R→ R such that

µ(0) > ε µ(t) = 0∀t ≥ 2ε

− 1 < µ′(t) ≤ 0∀t.

Just to simplify the notation call

y− =
∑
i≤λ

y2i , y+ =
∑
i>λ

y2i

so that we can define the auxiliary function to be:

F =

{
f − µ(y− + 2y+) = −y− + y+ − µ(y− + 2y+) on U
f onX \ U .

Let us focus now on the critical points and the sublevels of this new function.
F is always less or equal than f , so af ⊂ aF . But the sublevel εF coincides
with εf . In fact F = f outside U and outside the ellipsoid {y−+ 2y+ ≤ 2ε}.
Inside it let us fix a point such that F ≤ ε; therefore y+ ≤ y−+ε+µ(y−+2y+).
Because µ′ > −1 we get that

y+ ≤ y− + ε+ 2ε− (y− + 2y+) = 3ε− 2y+

i.e., y+ ≤ ε that implies that f ≤ ε. On the other hand the region
F−1([−ε, ε]) contains no critical points of F . In order to prove this claim
note that the critical points of F are exactly the same as f . Hence, because
F−1([−ε, ε]) ⊂ f−1([−ε, ε]), p is the only possible critical point in there.
But F (p) = 0 − µ(0) < −ε, therefore by Proposition 1.2.1 the sublevel εF
retracts on −εF .

Up to now we know that εf = εF retracts to −εF ; we are left to prove
that −εF retracts to −εf ∪ eλ. Let us denote by H the closure of −εF \ −εf
and observe that the cell eλ is contained in H. We have to construct a
deformation retraction of −εf ∪H to −εf ∪ eλ. Define r : [0, 1]×−εf ∪H →
−εf ∪H dividing the domain in three regions:

r(t, y) =


(y1, . . . , yλ, tyλ+1, . . . , tyn) if y− ≤ ε
(y1, . . . , yλ, styλ+1, . . . , styn) if ε ≤ y− ≤ y+ + ε

(y1, . . . , yn) if y− ≥ y+ + ε

where st = t+ (1− t)
√

(y− − ε)/y+. For t = 1 we get the identity; for t = 0
the first region is mapped into eλ, the second is mapped to f−1(−ε) while
the third one is already inside −εf . Moreover −εF is mapped into itself for
every t. This concludes the proof.

Remark 5. A little modification of the previous proof shows that if p is a
non-degenerate critical point such that f(p) = c then also cf is a deformation
retract of c+εf .

7



CHAPTER 1. MORSE THEORY

1.3 Morse’s inequalities

The original idea in Morse’s work was to relate the topology of a manifold
to the critical points of a function on that manifold. Let us restrict our
attention to a compact smooth manifold X we do not know anything about.
Suppose that a Morse function f : X → R can be observed; then its critical
points suggest, via some inequalities, the geometry of the manifold. Let us
denote by

bk(U) = rankHk(U ;F )

the kth Betti number of any compact topological space U with coefficients
in a field F . Analogously for a pair (U, V ) of a compact manifold U and a
compact submanifold V , we define bk(U, V ) = rankHk(U, V ;F ).

Lemma 1.3.1. If U ⊃ V ⊃ W , then the kth Betti number is subadditive
i.e.,

bk(U,W ) ≤ bk(U, V ) + bk(V,W ).

Lemma 1.3.2. Let

ξk(U, V ) =

k∑
i=0

(−1)k−ibi(U, V )

then it is subadditive.

Remark 6. Suppose to have U0 ⊂ U1 ⊂ · · · ⊂ Ul and a subadditive function
s(·, ·) then we can easily prove by induction that

s(Ul, U0) ≤
l∑

i=1

s(Ui, Ui−1).

Denote by Ik(f) = #{critical points of f of index k}; when the function
we refer to is clear from the context we will write simply Ik. As a consequence
of these simple algebraic results the following statement holds true.

Theorem 1.3.3 (Morse’s inequalities). Let X be a compact smooth mani-
fold, then

1. bk(X) ≤ Ik;

2. ξk(X) ≤ Ik − Ik−1 + . . .± I0.

Proof. We can perturb f as explained in remark 2 and obtain such Morse
function g with Ik(f) = Ik(g). Hence we may assume from the beginning
that f has the properties of that function g and find a sequence of real
numbers α1 < . . . < αl such that αif contains exactly i critical points of f ,

8



CHAPTER 1. MORSE THEORY

and αlf = X. In particular there is only one critical point in αif \ αi−1f
and its index will be denoted by λ(i). Applying remark 6 to the sequence
∅ ⊂ α1f ⊂ · · · ⊂ αlf and to the function bk we get that

bk(X) = bk(X, ∅) ≤
l∑

i=1

bk(
αif, αi−1f)

where
bk(

αif, αi−1f) = bk(D
λ(i), ∂Dλ(i)) = bk(S

λ(i)) = δk,λ(i).

Therefore when summing on i we obtain Ik. Analogously from the subaddi-
tivity of ξk we deduce that

ξk(X) ≤
l∑

i=1

ξk(
αif, αi−1f)

=
l∑

i=1

{[bk(αif, αi−1f)− bk(αif, αi−1f) + . . .] +

+ [bk(
αi−1f, αi−2f)− bk(αi−1f, αi−2f) + . . .] + . . .}

= Ik − Ik−1 + . . .± I0.

Notice that the second inequality is stronger than the first: in fact

bk(X) = ξk(X) + ξk−1(X) ≤ Ik.

Let us introduce χ(X): the Euler characteristic of the manifold X.

Corollary 1.3.4. As a consequence of Morse’s inequalities:

1. if Ik+1 = 0, then ξk(X) = Ik − Ik−1 + . . .± I0;

2. suppose dim(X) = n, then χ(X) = I0 − I1 + . . .± In.

1.4 Morse-Bott functions

The concept of Morse function can be generalized in many directions; here we
are going to briefly discuss one of them. Consider again a smooth manifold
X of dimension n and a smooth function f : X → R. Denote by Crf the set
of critical points of f .

Definition 1.4.1. A connected smooth submanifold C ↪→ X is said to be a
non-degenerate critical submanifold if

1. C ⊂ Crf

9



CHAPTER 1. MORSE THEORY

2. for every q ∈ C, TqC = ker(Hf,q).

If the connected components of Crf consist of non-degenerate submanifolds,
we call f a Morse-Bott function.

Notice that if we fix a Riemannian metric on X, at every point q of the
non-degenerate critical submanifold C the following identity holds

TqX = TqC ⊕NqC

where NqC is the normal bundle at q with respect to the chosen met-
ric. Hence f being a Morse-Bott function is equivalent to Hf,q being non-
degenerate on NqC. It makes then sense to talk about the index of C as the
index of the hessian Hf,q restricted to NqC. At this point we can use the
strategy of Proposition 1.1.4 to prove the following version of Morse lemma.

Figure 1.2: Morse-Bott height function of the torus

Theorem 1.4.2 (Morse lemma with parameters). Let f be a Morse-Bott and
C a connected component of Crf , of dimension k as a manifold. Then for
every q ∈ C there exists a local coordinate system (x1, . . . , xk, y1, . . . , yn−k)
on a neighborhood U of q, such that q corresponds to the origin and

f(p) = f(C)−
(
|y1|2 + . . .+ |yλ|2

)
+
(
|yλ+1|2 + . . .+ |yn−k|2

)
where λ is the index of C.

Let us assume now that X is compact, consider a Morse-Bott function f
on it and fix a Riemannian metric. The existence of this "nice" neighborhood
of critical submanifolds implies a "nice" behaviour of the trajectories of the
gradient of f (for the proof see [AB95]).

Proposition 1.4.3. Let f : X → R be Morse-Bott and denote by Φt : X →
X the flow of its gradient. For each critical submanifold C ⊂ Crf define the
sets

W+
C =

{
p ∈ X

∣∣∣ lim
t→+∞

Φt(p) ∈ C
}
, W−C =

{
p ∈ X

∣∣∣ lim
t→−∞

Φt(p) ∈ C
}
.

10



CHAPTER 1. MORSE THEORY

Then W+
C and W−C are fibre bundles over C. Moreover if C has dimension

kC and index λC , the fibres of W+
C and W−C are cells of dimension λC and

n− kC − λc respectively.
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Chapter 2

Handlebodies

The idea of investigating the change in the topological character of a manifold
X, as f : X → R passes through a critical value led eventually to the handle
presentation of a manifold. Few works had been previously done by Möbius
and Poincaré in dimension 2 and 3 respectively, but it is with Morse paper
that modern history of handles begins (see [Rol03; Kos93; GS99]). Around
1960 with the works of Milnor, Wallace and Smale, handle theory reached
the peak especially thanks to its applications and use as a starting point of
many proofs. This chapter discusses some general facts, then focuses on the
special case of dimension 3 and on the so called lens spaces, that provide
examples and counterexamples of a lot of peculiar properties.

2.1 Handle decomposition

Definition 2.1.1. Let X be a smooth n-manifold with boundary, and let
0 ≤ k ≤ n. An n-dimensional k-handle h is a copy of Dk×Dn−k attached to
the boundary of X along ∂Dk×Dn−k via an embedding ϕ : ∂Dk×Dn−k →
∂X.

Remark 7. The manifold X ∪ϕ h is a manifold with corners. However there
is a canonical way for "smoothing" corners and make it a smooth manifold.
On the other hand there are other possible definitions of attaching handles
that allow to avoid this problem of corners, see [Kos93]. Therefore we will
always assume that X ∪ϕ h is a smooth manifold.

Because of the standard deformation retraction ofX∪ϕh ontoX∪ϕ|
∂Dk×0

Dk×0, attaching a k-handle is the same as attaching a k-cell up to homotopy.
Intuitively a k-handle is a k-cell that has been made n-dimensional. Let us
introduce the following terminology for a k-handle (the colors refer to Figure
2.1):

• core: Dk × 0 (purple)

12



CHAPTER 2. HANDLEBODIES

• cocore: 0×Dn−k (light-green)

• attaching region: ∂Dk ×Dn−k

• attaching sphere: ∂Dk × 0 (violet)

• belt sphere: 0× ∂Dn−k (dark-green)

• index: k

(a) n = 2, k = 1 (b) n = 3, k = 1

Figure 2.1: Examples of attaching handle

Remark 8. In general if f, g : ∂P → ∂Q are isotopic embeddings, then P∪fQ
and P ∪g Q are diffeomorphic ([Hir97]). Hence the above X ∪ϕ h depends,
up to diffeomorphism, only on the isotopy class of ϕ.

Remark 9. Attaching a 0-handle to X means taking the disjoint union of X
and Dn. In particular 0-handles are the only handles that can be attached
to the empty set.

Suppose that X is an n-manifold with boundary ∂X that decomposes
as the disjoint union of two compact (possibly empty) submanifolds ∂X =
∂X−

∐
∂X+.

Definition 2.1.2. A handle decomposition of X relative to ∂X− is an identi-
fication of X with another manifold obtained from [0, 1]×∂X− by attaching
handles along 1× ∂X−, in such a way that ∂X− corresponds to 0× ∂X−.

Let us restrict our attention to a compact smooth manifold X. Theo-
rem 1.2.2 basically states that once that we have a Morse function on X
(and every smooth manifold admits a Morse function because of the density
previously discussed), we obtain an induced handle decomposition. As ex-
plained in details in [Kos93] and [GS99], given a handle decomposition we
may always assume the following:

1. the handles are attached in order of increasing index;

13



CHAPTER 2. HANDLEBODIES

2. when X is connected, if ∂X− 6= ∅, there are no 0-handles; if ∂X− = ∅,
there is only one 0-handle.

Any handle decomposition on (X, ∂X−) determines by symmetry a dual
handle decomposition on (X, ∂X+) as follows1. First we attach a collar
[0, 1]×∂X+ to the handle decomposition ofX and identify ∂X+ with 1×∂X+.
Then we remove the collar [0, 1] × ∂X− and we interpret every k-handle as
an (n − k)-handle just exchanging the roles of the core and the cocore, the
attaching sphere and the belt sphere. Handles of the dual decomposition
are still attached in increasing order. Intuitively this operation consists in
turning upside down X, whereas from the Morse theory point of view we are
going from a function f to 1− f .

2.2 Dimension 3

We now consider handle decompositions of closed connected orientable 3-
dimensional smooth manifolds.

Definition 2.2.1. A handlebody2 is an orientable 3-dimensional manifold
that is the result of attaching g 1-handles to the disk D3. The genus of such
a handlebody is the number g of 1-handles.

Two handlebodies are homeomorphic if and only if they have the same
genus. The boundary of a handlebody is a 2-dimensional closed oriented
manifold of the same genus g of the handlebody.

Definition 2.2.2. Let H1, H2 be two handlebodies of genus g and consider
a homeomorphism h : ∂H1 → ∂H2. Then

X = H1

⋃
h

H2

is a closed orientable 3-manifold and the triple (H1, H2, h) is called Heegaard
splitting of genus g for X.

Then we can define the Heegaard genus of a 3-manifold to be the smallest
genus of all Heegaard splittings that yield it. This definition makes sense
for every closed connected orientable 3-dimensional smooth3 manifold X be-
cause every such manifold admits a Heegaard splitting. The idea behind the

1If the manifold X has an orientation, then we consider the induced boundary orien-
tation and so ∂X+ has the negative orientation.

2Beware that in literature the word handlebody has been used for various meanings: in
[GS99] it is used for any manifold without boundary with a given handle decomposition;
in [Kos93] the (n, k)-handlebody is the result of attaching some k-handles to Dn.

3In fact the smoothness assumption is not needed: it is enough to require that the
manifold is PL, and Moise and Bing proved that every 3-manifold may be triangulated.
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proof of this statement is the following. As mentioned above, we may con-
sider a handle decomposition of X with only one 0-handle and (by duality)
only one 3-handle. Let X1 be the union of the 0-handle and the 1-handles;
assume there are g many 1-handles. Consider now X \ (intX1) and dualize
it: it is now the union of a 0-handle and a certain number l of 1-handles.
Moreover its boundary must be the same as the boundary of X1, therefore
l = g and we get a Heegaard splitting for X.

Remark 10. The only 3-manifold of Heegaard genus 0 is S3. Moreover S3

has a genus-g Heegaard splitting for any g ≥ 0.

Remark 11. Consider a Heegaard splitting X = H1 ∪h H2 and let Ci for
i = 1, . . . , g be the belt spheres of the 1-handles of H1. Call characteristic
curves of the splitting the images C ′i = h(Ci), then X is determined up to
homeomorphism by C ′1 ∪ . . . ∪ C ′g ([GS99; Kos93]).

Figure 2.2: Characteristic curves

2.3 Heegaard genus 1

Definition 2.3.1. Consider S3 ⊂ C2 and the action

G : Zp × S3 → S3

(g, z1, z2) 7→ (e
2πig
p z1, e

2πigq
p z2)

for some p, q coprime, then the orbit space L(p, q) = S3
�Zp of this action is

called lens space.

The following result (for the proof see for example [Bro60a]) implies that
we can adopt the convention 0 < q < p. This exhausts all lens spaces except
for S3 ' L(1, q).

15
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Theorem 2.3.2. The lens spaces L(p, q) and L(p′, q′) are homeomorphic if
and only if p = p′ and either q ≡ ±q′ (mod p) or q q′ ≡ ±1 (mod p).

The lens spaces have been introduced by Heinrich Tietze in [Tie08]. They
were the first known examples of 3-manifolds that are not determined by
their homology and fundamental group alone. J. W. Alexander in [Ale19]
showed that the lens spaces L(5, 1) and L(5, 2) were not homeomorphic even
though they have isomorphic fundamental groups and the same homology,
though they do not have the same homotopy type. Other lens spaces, e.g.
L(7, 1) and L(7, 2), have even the same homotopy type but not the same
homeomorphism type.4

After the stereographic projection we may take the following to be the
fundamental region of the action G of Zp. Consider the unit ball in R3.
Identify the points of ∂D3 in the upper halfspace with those in the lower
halfspace as in Figure 2.3: a point is identified with its image under a counter-
clockwise rotation around the z-axis of angle 2πq/p, followed by a reflection
in the (x, y)-plane, like the two purple points in the figure.

Figure 2.3: Fundamental region in the case p = 5, q = 2;
regions with the same color are identified.

In order to understand what we obtain after such identification let us cut
the ball in two parts:

T1 = D3 ∩
{
x2 + y2 ≤ 1

4

}
T2 = D3 ∩

{
x2 + y2 ≥ 1

4

}
.

Clearly T1 is a cylinder whose extrema are identified, hence a solid torus.
After some manipulation we will see that also T2 is a solid torus. Let us cut

4Milnor used these two lens spaces to provide counterexamples to the so-called
Hauptvermutung conjecture: two homeomorphic complexes possess isomorphic subdivi-
sions.
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(a) Slices (b) Cake rearrangement

Figure 2.4: T2

it in cloves (Figure 2.4a) and rearrange them in a cake (Figure 2.4b) gluing
the same colours together. Finally it remains to glue the top and the bottom
of the cake in the correct way, i.e. with a q/p twist.

Therefore every lens space can be obtained by gluing two solid tori along
their boundary. Moreover the following statement holds true.

Theorem 2.3.3. Any 3-manifold of Heegaard genus 1 is either S1 × S2 or
a lens space L(p, q) with 0 < q < p.
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Chapter 3

Cobordism theory

This chapter addresses Poincaré’s question whether vanishing of the fun-
damental group, a homotopy invariant, characterizes the 3-sphere up to a
homeomorphism. The same question can be posed in higher dimension, and
it was finally answered sixty years later by Smale [Sma60] with some con-
strains. Smale’s work culminated in the proof of the h-cobordism theorem.
The idea behind the proof was to find a handle decomposition of the cobor-
dism with no handles and he managed to solve the problem combining many
techniques such as sliding and cancellation of handles (we do not discuss
these concepts here but they can be found in [Kos93]). Later Morse wanted
to redo the same proof manipulating the critical points of a Morse function,
instead of eliminating handles; a complete proof that uses this strategy was
then provided by Milnor. As we are going to see, the h-cobordism theorem
has some limiting assumptions. It turned out that the key tool to get a more
general statement was the Whitehead torsion. It is defined to be a certain
element of a commutative group (named after Whitehead again) which de-
pends on the fundamental group; notice that the Whitehead groups are very
difficult to compute except in few particular cases. This invariant led finally
to the formulation of the s-cobordism theorem, combining ideas of Barden,
Mazur and Stallings.

3.1 Cobordism

The family of compact manifolds of the same dimension can be partitioned
via an equivalence relation constructed using the concept of boundary.

Definition 3.1.1. An ordered triple of manifolds C = {Y0, X, Y1} is called
cobordism if X is a compact smooth (n+ 1)-manifold whose boundary is the
disjoint union of Y0 and Y1.

This concept clearly defines an equivalence relation on closed n-manifolds:
two of them are in relation Y0 ∼ Y1 if and only if they are cobordant, i.e.
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CHAPTER 3. COBORDISM THEORY

Figure 3.1: Cobordism between S1 and the disjoint union of
two S1’s.

there exits an (n+ 1)-manifold X such that C = {Y0, X, Y1} is a cobordism.
Moreover the set of cobordism classes is an abelian group with the opera-
tion of disjoint union. The simplest example of a cobordism is the trivial
cobordism C = {X × 0, X × I,X × 1}. We will call elementary cobordism of
index λ the result of attaching a λ-handle to the boundary component X×1
of X × I. Notice that if we are given two cobordisms C1 = {Y0, X, Y1} and
C2 = {Y 0, X, Y 1} and a diffeomorphism h : Y1 → Y 0, then we can glue X
and X via h and we get another cobordism C = {Y0, X ∪h X,Y 1}; we will
denote it as C = C1 ∪C2 following [Kos93]. This procedure gives a different
way to talk about the handle decomposition of a manifold. In fact, again
using Morse theory, the following statement holds true.

Theorem 3.1.2 (Smale, Wallace). Given a cobordism C , there exist ele-
mentary cobordisms Ci such that C = C1 ∪ . . . ∪ Ck. Moreover denoting by
λ(i) the index of Ci, we may assume that if i < j then λ(i) ≤ λ(j).

Corollary 3.1.3. Let C = {Y0, X, Y1} be a cobordism, then there exists a
sequence of manifolds

Y0 × I = X−1 ⊂ X0 ⊂ X1 ⊂ · · · ⊂ Xk = X

such that for every i, Xi is obtained from Xi−1 by attaching a certain number
of i-handles to its right-hand boundary.

Remark 12. As a convention let us view a trivial cobordism as an elementary
cobordism of index −1.

Such a sequence of manifolds {Xi} is called presentation of the cobor-
dism C , and it is intimately related to Morse theory: a Morse function on
a cobordism yields a presentation; conversely for every presentation there
exists a Morse function that yields it ([Kos93]).
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3.2 The h-cobordism Theorem

There is an interesting subset of cobordisms, that excludes cases as that of
Figure 3.1.

Definition 3.2.1. A cobordism C = {Y0, X, Y1} is an h-cobordism if the
inclusions Y0 ↪→ X, Y1 ↪→ X are homotopy equivalences (this justifies the
"h").

Remark 13. A simply connected cobordism C = {Y0, X, Y1} is an h-cobordism
if and only if H∗(X,Y0) = 0 ([Kos93]).

The following is the fundamental result proved by Stephen Smale.

Theorem 3.2.2 (The h-cobordism Theorem). Let C = {Y0, X, Y1} be a
smooth simply connected h-cobordism, with dimX ≥ 6. Then X is diffeo-
morphic to Y0 × I.
Remark 14. The simple connectivity hypothesis is essential: Milnor in [Mil61]
proved that L(7, 1)×S4 and L(7, 2)×S4 are h-cobordant but not diffeomor-
phic.

So Theorem 3.2.2 states that every simply connected h-cobordism of
dimension ≥ 6 is trivial. There are examples provided by Donaldson that
show how this conclusion is not true in dimension 5. However Freedman
proves in [Fre82] that the h-cobordism Theorem is valid also in dimension
5 when substituting the word "diffeomorphic" with "homeomorphic". One
of the relevant consequences of this result is that it implies the Generalized
Poincaré Conjecture, that is now a theorem in fact, in dimension ≥ 5.

Theorem 3.2.3 (Generalized Poincaré Conjecture). Let X be a smooth com-
pact n-manifold homotopy equivalent to Sn. Then X is homeomorphic to Sn.

Why are the two theorems above linked? The idea is that in the hy-
potheses of the conjecture, we may remove from X two disjoint disks; in
this way we get a new manifold X whose boundary is the disjoint union of
two (n− 1)-spheres. Moreover {Sn−1, X, Sn−1} is an h-cobordism, therefore
when n ≥ 5 it is trivial, i.e. X = Sn−1 × I, and the not-anymore-conjecture
follows immediately.
Remark 15. In dimension 3 we have something more: the Poincaré conjec-
ture, proved by Grigori Perelman, is equivalent to the h-cobordism Theorem.
Hence it holds true also in this case.

3.3 Whitehead torsion and the S-cobordism theo-
rem

It is not the purpose of this work to discuss the Whitehead torsion, so we will
just introduce it briefly in sight of the s-cobordism Theorem. For a detailed
discussion we refer to [Mil66].
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Let A be an associative ring with unity and denote by GL(n,A) the mul-
tiplicative group of non singular n×n matrices over A. There are inclusions

GL(1, A) ⊂ GL(2, A) ⊂ GL(3, A) ⊂ · · ·

obtained via the identification of M ∈ GL(n,A) with(
M 0
0 1

)
∈ GL(n+ 1, A)

and we call the union of those groups the general linear group GL(A). A
matrix is said to be elementary if it coincides with the identity except for
one off-diagonal element; let E(A) denote the group generated by elemen-
tary matrices over A. Then E(A) ⊂ GL(A) coincides with the commutator
subgroup of GL(A) and therefore it is a normal subgroup.

Definition 3.3.1. The quotient

K1A = GL(A)�E(A)

is called Whitehead group of the ring A.

We will think of K1A as an additive group.1 For example K1Z =
{0, [−1]} where we denote by [a], a ∈ A, the element corresponding to
(a) ∈ GL(1, A) ⊂ GL(A).

A slight modification of this definition is also useful:

Definition 3.3.2. The quotient

K1A = K1A�{0, [−1]}

is called reduced Whitehead group of the ring A.

Therefore in the case of the integers K1Z is trivial. One can then define
the Whitehead torsion of a chain complex of modules over A (see [Mil66]);
it is an element τ ∈ K1A. Now let us move from rings to groups. Assume
that G is a multiplicative group, and denote by Z[G] its integral group ring.
Clearly

G ⊂ GL(1,Z[G]) ⊂ GL(Z[G])

hence there are natural homomorphisms

G→ K1Z[G]→ K1Z[G].
1The use of a multiplicative notation for groups mixed with an additive notation may

be confusing at first; but this is compatible with Milnor’s paper and it is somehow natural.
In fact on GL(A) the obvious group structure is the multiplicative one; on the other hand
we will be talking about the Whitehead group being trivial. It is quite common to think
of a trivial group as {0}, and that’s the reason why the additive structure is preferable
here. Therefore 0 ∈ K1A denotes the class of the identity in GL(A).
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Definition 3.3.3. The quotient

Wh(G) = K1Z[G]�image(G)

is called Whitehead group of the group G.

Remark 16. If G is infinite cyclic, or finite of order 2,3,4 or 6 then Wh(G)
is trivial.

Hence if X is a smooth manifold, we define its Whitehead group to be

Wh(X) = Wh(π1X).

Consider an h-cobordism C = {Y0, X, Y1} and denote by

G = π1X = π1Y0 = π1Y1.

At first the Whitehead torsion can be defined for some chain homotopy
equivalences of A-chain complexes as an element of K1(A); when switching
to manifolds there are various equivalent ways to construct such algebraic
structures out of the geometric situation, based either on the triangulation
of a manifold, on handlebodies and Morse theory or on universal coverings
[Mil66]. However in this setting the Whitehead torsion is well defined not
as an element of the reduced Whitehead group, but as τ(X,Y0) ∈ Wh(G).
This element is precisely the obstruction to a homotopy equivalence being a
simple-homotopy equivalence2: the inclusion Y0 ↪→ X is a simple-homotopy
equivalence if and only if τ(X,Y0) = 0. Hence the following statement
generalizes Theorem 3.2.2.

Theorem 3.3.4 (The s-cobordism Theorem). Let C = {Y0, X, Y1} be an
h-cobordism, with dimX ≥ 6. Then X is diffeomorphic to Y0× I if and only
if τ(X,Y0) = 0.

Remark 17. Again the same statement holds true in dimension 5 (when the
fundamental group is good3 in the sense of Freedman and Quinn [FQ90]) if
we substitute "diffeomorphic" with "homeomorphic".

As a consequence of the s-cobordism theorem, we are able to classify the
h-cobordisms with some existence-uniqueness results. The following is due
to Stallings [Sta65].

Theorem 3.3.5. Let Y be a compact and connected smooth manifold without
boundary. If dimY ≥ 5 then for every τ0 ∈ Wh(π1Y ) there exists an h-
cobordism {Y,X, Y1} with τ(X,Y ) = τ0.

2Two CW-complexes are simple-homotopy equivalent if they are related by a sequence
of collapses and expansions.

3In particular Z is a good group.
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Combining this with the s-cobordism theorem we get a uniqueness result.

Theorem 3.3.6. Let {Y,X, Y1} and {Y,X, Y 1} be two h-cobordisms with
dimX = dimX ≥ 6 and the same torsion τ(X,Y ) = τ(X,Y ). Then X is
diffeomorphic to X under a diffeomorphism that preserves Y .
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Chapter 4

Reeb’s Sphere Theorem and
some generalization

This last chapter contains some original results aiming at generalizing the
work of Reeb [Ree52] and Milnor [Mil59]. After some technical details on
upcoming constructions and a recap of known facts, we define the Reeb func-
tions that will be exactly the objects to consider for our statements. Starting
from dimension 3, analogous theorems are provided also in dimensions ≥ 5.
The failure in dimension 4 is then commented and some ideas for solving
this problem are given in the latest section.

Gluing smooth functions

During the following discussion we will often have to glue two functions, so
we explain here what is precisely the meaning of this expression. Let X0, X1

be two manifolds with diffeomorphic boundaries ∂X0 = B = ∂X1. Assume
that there exist two Ck functions

f0 : X0 → [0, 1]

f1 : X1 → [1, 2]

with f−10 (1) = B = f−11 (1), such that gradf0 6= 0 on B, pointing outwards,
and gradf1 6= 0 on B, pointing inwards. In situations like this we will write
that there is a Ck function ϕ : X0 ∪B X1 → [0, 2] defined by

ϕ(x) =

{
f0(x) if x ∈ X0

f1(x) if x ∈ X1

but beware that this is just a notation! In fact in order to get a Ck attachment
the construction should be more technical and is hidden in the definition of
X = X0 ∪B X1 (see [Lee03]). There is a cylindrical part of the manifold
where we want to do a transition from f0 to f1. As represented in figure 4.1
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Figure 4.1: X = X0 ∪B X1

we think of X as the union of three pieces: A, B × I, C; where I = (−ε, ε)
for ε > 0 small enough, X0 = A ∪ (B × I) and X1 = (B × I) ∪ C. Let
{ρ0, ρ1} be a partition of unity subordinated to {IntX0, IntX1}; on A and C
they are either 1 or 0, whereas on B × I we assume that they act only on
the coordinate of the interval, meaning that

ρi(x, t) = ρi(t) ∀ (x, t) ∈ B × I.

Then our function ϕ is defined to be ϕ = ρ0f0 + ρ1f1. It is clearly Ck and
notice that there are no new critical points in the slice B× I: the derivative
of ϕ in the direction of the coordinate t ∈ I is

∂ϕ

∂t
=
∂ρ0
∂t

f0 + ρ0
∂f0
∂t

+
∂ρ1
∂t

f1 + ρ1
∂f1
∂t

=

=
∂ρ1
∂t

(f1 − f0) + ρ0 gradf0 + ρ1 gradf1

but inside B × I, f1 > f0 and both gradients are strictly positive (if ε is
small enough) hence ∂ϕ

∂t > 0.

4.1 Reeb’s sphere

Theorem 4.1.1 (Reeb’s Sphere Theorem). Let X be a closed smooth man-
ifold of dimension n which admits a smooth Morse function f : X → R with
only two critical points. Then X is homeomorphic to an n-sphere.

Proof. The two critical points p, q must be the minimum and the maximum
and without loss of generality we can assume that f(p) = 0 and f(q) = 1.
By the Morse Lemma 1.1.4 for ε small enough the sets εf and 1−εf are
diffeomorphic to n-disks. Because there are no other critical points, εf can
be deformed to 1−εf using the gradient flow. Therefore X is the union of
two disks glued along their boundary. Consider a homeomorphism h from
1−εf to the equator of Sn. Thanks to the fact that any homeomorphism on
Sn−1 extends to a homeomorphism of Dn, we can extend h to the whole X
in such a way that 1−εf is mapped to the southern hemisphere of Sn and
1−εf to the northern hemisphere.
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Figure 4.2: Manifold with two non degenerate critical points

Remark 18. From the proof of Reeb’s Sphere Theorem notice that we can
weaken the regularity of the Morse function f : it is enough to ask for example
the C2 regularity. In this way the gradient flow is well defined.
Remark 19. The statement of Reeb’s Sphere Theorem cannot be improved:
X is not in general diffeomorphic to Sn with the usual differentiable struc-
ture. This was proved by Milnor [Mil56] via the construction of the exotic
7-sphere, i.e. a differentiable manifold that is homeomorphic but not diffeo-
morphic to the standard Euclidean 7-sphere.

But Milnor sharpened the hypotheses in another direction: allowing the
critical points to be degenerate. With some more effort the same conclusion
holds. The proof uses the following result by Brown [Bro61] and Stallings
[Sta62].

Lemma 4.1.2. Let X be a smooth manifold such that every compact subset
is contained in an open set diffeomorphic to the Euclidean space. Then X
itself is diffeomorphic to the Euclidean space.

Theorem 4.1.3. Let X be a closed smooth manifold of dimension n which
admits a smooth function f : X → R with only two critical points. Then X
is homeomorphic to an n-sphere.

Proof. Using the same notation of the proof of 4.1.1, consider U an open
neighborhood of the minimum p that is diffeomorphic to Rn and such that
q /∈ U . U can be stretched along the gradient lines of f so that it covers any
compact subset of X \ q. Hence by lemma 4.1.2, X \ q is diffeomorphic to
Rn, and this concludes the proof.

4.2 Generalization: dimension 3

Our aim is to generalize Reeb’s Sphere Theorem adding more freedom in the
preimage of the two critical values. For this discussion we need to introduce
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a new family of functions as follows.

Definition 4.2.1. Let X be a smooth compact and connected manifold and
f : X → R a Ck function,1 k ≥ 2, with no critical values other than the
minimum m and the maximum M . We call f a Reeb function with extrema
f−1(m) and f−1(M). In particular if f−1(m) and f−1(M) are subcomplexes
of X, then we call f a tame Reeb function.

Notice that the preimages of the minimum and the maximum are some-
how related.

Lemma 4.2.2. Let f be a tame Reeb function on X and denote by

K0 = f−1(m)

K1 = f−1(M).

Then X \K0 deformation retracts to K1 (and vice versa).

The proof of this fact follows from arguments similar to those used for
Lemmas 4.2.3 and 4.3.1 below. In particular there are two interesting long
exact sequences: the one in relative homology2 of (X,X \K0):

. . .→ Hi (X \K0)→ Hi (X)→ Hi (X,X \K0)→ Hi−1 (X \K0)→ . . .

and the one in relative cohomology of (X,K0):

. . .→ Hn−i (X,K0)→ Hn−i (X)→ Hn−i (K0)→ Hn−i+1 (X,K0)→ . . .

where n = dimX. Lemma 4.2.2 implies that H∗(X \K0) = H∗(K1), more-
over by duality [Hat02] we have the following pairings

. . .→ Hi (K1) → Hi (X) → Hi (X,K1)→ Hi−1 (K1)→ . . .

|o |o |o |o
. . .→ Hn−i (X,K0)→ Hn−i (X)→ Hn−i (K0)→ Hn−i+1 (X,K0)→ . . .

therefore there exists the long sequence

. . .→ Hi (K1)→ Hi (X) ' Hn−i (X)→ Hn−i (K0)→ Hi−1 (K1)→ . . .

which is exact. This means that the image of the inclusion Hi (K1) →
Hi (X) lies in the orthogonal complement of the restriction Hn−i (X) →
Hn−i (K0). So we have a necessary condition for two subcomplexes of X to
be the extrema of a Reeb function.

1We assume k ≥ 2 because of remark 24 below; anyway one may also assume k ≥ 1
with some additional appropriate hypotheses.

2Let us work with coefficients in Z2 to avoid any orientability subtlety.
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Remark 20. In the particular case of X ' Sn we can notice something more.
Alexander duality in fact states that H̃i(S

n \K0) ' H̃n−i−1(K0) and so

H̃i(K1) ' H̃n−i−1(K0).

This implies for example that the sum of the Betti numbers of K0 is equal
to the sum of the Betti numbers of K1.

Remark 21. The subcomplexes K0, K1 need not to be connected. See for
example Figure 4.3: consider the function "distance from the green disks"
raised to some power. Then the union of the green disks is K0 whereas the
union of the purple disks is K1.

Figure 4.3: Tame Reeb function on the flat solid torus, with
K0 (green) and K1 (purple) non-connected.

We can restate Reeb’s Theorem using this new class of functions as fol-
lows:

"If a closed smooth manifold of dimension n admits a smooth Reeb function
with two points as extrema, then it is homeomorphic to an n-sphere."

As a first step in the direction of a generalization, let us focus on the case
of embedded 1-spheres. This lemma will lead us to the generalization stated
in Theorem 4.2.4.

Lemma 4.2.3. Let X be a closed, connected and orientable smooth manifold
of dimension 3. Suppose that there exists a Reeb function with extrema two
1-spheres and assume that they are submanifolds of X. Then, for ε > 0
small enough, m+εf and M−εf are homeomorphic to S1 ×D2.

Remark 22. Notice that this lemma, as well as Lemma 4.3.1, becomes trivial
if we add the hypothesis that f is a Morse-Bott function.

Proof. Let us prove this fact for m+εf , then the proof for M−εf follows by
substituting f with −f . Without loss of generality we may assume m = 0.
The sublevels εf are all connected. In fact if we suppose, by contradiction,
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that ∃ 0 < a < M such that af is not connected. Denote with C a connected
component of af that does not contain f−1(0). Let

b = min
x∈C

f(x)

and fix x̄ ∈ C such that f(x̄) = b; it is a critical point for f that is not in
f−1(0) so we get the contradiction.

Because of the orientability, there is a tubular neighborhood T of f−1(0)
which is diffeomorphic to S1 × R2. Therefore, up to the identification T '
S1 × R2, the following map is well defined:

g : T → R
(x, y) 7→ ‖y‖2.

The family {εg}ε>0 is a fundamental system of neighborhoods of f−1(0), each
of them diffeomorphic to S1×D2. Also the family {εf}ε>0 is a fundamental
system of neighborhoods. In fact let V be a closed tubular neighborhood of
f−1(0) and take

ν = min
x∈∂V

f(x).

If by contradiction
ν
2 f * intV , we can separate it as(

ν
2 f ∩ intV

)⊔(
ν
2 f ∩ (X \ V )

)
,

that is absurd because
ν
2 f is connected.

Therefore we can fix ε > ε′′ and ε′ > ε′′′ such that

εf ⊃ ε′g ⊃ ε′′f ⊃ ε′′′g

as represented in figure 4.4.

Figure 4.4: Sublevels of f and g.
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By the first Morse lemma, ε
′′
f is a strong deformation retract of εf so

there exists h : εf × [0, 1]→ εf such that

h(x, 0) = x ∀x ∈ εf

h(x, 1) ∈ ε′′f ∀x ∈ εf

h(x, t) = x ∀x ∈ ε′′f, ∀t ∈ [0, 1]

in particular h|εf×{1} ⊂ ε′g. On the other hand, via the flow of g, the
sublevel ε′′′g is a strong deformation retract of ε′g and we have the homotopy
k : ε

′
g × [0, 1]→ ε′g such that

k(x, 0) = x ∀x ∈ ε′g

k(x, 1) ∈ ε′′′g ∀x ∈ ε′g

k(x, t) = x ∀x ∈ ε′′′g, ∀t ∈ [0, 1].

Combining these two we can construct H : εf × [0, 1]→ εf such that{
H|εf×[0, 1

2
](x, t) = h(x, 2t)

H|εf×[ 1
2
,1](x, t) = k (h(x, 1), 2t− 1)

therefore ε′′′g is a strong deformation retract of εf . In particular the two
families of sublevels have the same homotopy type. Moreover we can deform
the whole subset S = (εf \ ε′′′g) to both boundary components. On one hand
take H|S×[0,1] : S× [0, 1]→ S that deformation retracts S onto g−1(ε′′′). On
the other hand it is enough to construct another homotopy gluing the flows
of f and g in the opposite order: first of all bring g−1 ([ε′′′, ε′]) to g−1(ε′) via
g, and then using f push the remaining part to f−1(ε). As a consequence
H∗
(
f−1(ε)

)
' H∗

(
S1 × S1

)
. The level set of ε is then a 2-dimensional

closed, connected and orientable manifold of genus 1, therefore it is a torus.
Let us fix now δ such that εf b δg. We can embed the solid torus δg

inside the sphere S3 in the standard way so that (δg, S3\δg,1) is a Heegaard
splitting of genus 1 of S3; this is the setting for the following reasoning. The
level set f−1(ε) is a torus, therefore it bounds a solid torus on at least one
side (Solid Torus Theorem in [Rol03]). From knot theory it is known that a
knot is trivial if and only if its knot group is Z. In our case the region between
f−1(ε) and g−1(δ) deformation retracts to g−1(δ) as we proved above, hence

π1
(
S3 \ εf

)
' π1

(
S3 \ δg

)
' π1 (Solid Torus) ' Z

and we can conclude that εf is homeomorphic to a solid torus.

Theorem 4.2.4. Let X be a closed, connected and orientable smooth man-
ifold of dimension 3. Then the following are equivalent:
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1. ∃f : X → R a Reeb function with extrema two 1-spheres that are sub-
manifolds of X;

2. X is of Heegaard genus ≤ 1.

Proof. 1 ⇒ 2 : Without loss of generality let m = 0 andM = 1; by previous
lemma we know that

M−εf ' S1 ×D2

m+εf ' S1 ×D2.

Consider the C1 vector field V = grad(f)
‖grad(f)‖2 defined on X \ {f−1(0) ∪

f−1(1)} and denote by γp(t) its flow starting at p; then d
dtf(γp(t)) = 1 for

every t and every p. Take p ∈ f−1(ε), then there exists a time T such that
f(γp(T )) = 1−ε, where T is the same for every p. The function h(p) = γp(T )
depends continuously on p (see [Har02]) but it is also a homeomorphism
between f−1(ε) and f−1(1−ε). In fact we can consider the flow ξq(s) of −V
for points q ∈ f−1(1− ε). As above there exists S such that ξq(S) ∈ f−1(ε);
ξq(S) depends continuously on q and it is the inverse of γp(T ) because of the
uniqueness of the solution of a Cauchy problem.

Figure 4.5: Homeomorphism between level sets.

Now we want to define a homeomorphism ϕ between

L = εf ∪h 1−εf

and our manifold X. Let ϕ
∣∣
1−εf

= 1
∣∣
1−εf

ϕ
∣∣ ε
2 f

= 1
∣∣ ε
2 f

and in the remaining part of the domain, the idea is that ϕ sends the curve

γp(t) p ∈ f−1
(ε

2

)
, t ∈

[
0,
ε

2

]
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to the curve
γp(s) s =

2− 3ε

ε
t.

With this choice of s, ϕ is surjective.

Figure 4.6: Homeomorphism between L and X

More formally, take a point α ∈ f−1
([
ε
2 , ε
])
; there exist unique p ∈

f−1
(
ε
2

)
, t ∈

[
0, ε2
]
such that α = γp(t). Define

ϕ(α) = ϕ(p, t) = γp

(
2− 3ε

ε
t

)
.

Such ϕ is well defined and is the desired homeomorphism.
2 ⇒ 1 : consider a Heegaard splitting (P,Q, h) of genus 1 for X. Both

P and Q are diffeomorphic to S1 × D2 and thanks to Remark 11 we may
assume without loss of generality that h is a diffeomorphism between ∂P
and ∂Q. Define then f : P ∪h Q→ R to be

f(x, y) =

{
‖y‖2 if (x, y) ∈ P ' S1 ×D2

2− ‖y‖2 if (x, y) ∈ Q ' S1 ×D2.

This is a smooth Morse-Bott function with no critical values other than 0
and 2, whose preimages are the two copies of S1 × {0}.

Remark 23. On a lens space L we can alternatively construct the Reeb
function f of the implication "2 ⇒ 1" in the following way. There exist
p, q ∈ N such that L = S3

�Zp with respect to the action G of Definition
2.3.1. More conveniently the points of S3 may be written as (z1, z2) =
cos θ(w1, 0)+sin θ(0, w2), with |w1| = |w2| = 1, θ ∈ [0, π2 ]. Define f̂ : S3 → R
as f̂ (·) = dist2S3(·, {(w, 0) ∈ C2

∣∣|w| = 1}) then

f̂ (cos θ(w1, 0) + sin θ(0, w2)) = dist2S3 (cos θ(w1, 0) + sin θ(0, w2), (w1, 0))

= θ2.
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Notice that f̂ is invariant with respect to the action G: ∀g ∈ Zp

f̂
(

cos θ(e
2πig
p w1, 0) + sin θ(0, e

2πigq
p w2)

)
=

= dist2S3

(
cos θ(e

2πig
p w1, 0) + sin θ(0, e

2πigq
p w2), (e

2πig
p w1, 0)

)
= θ2.

Therefore there is a well defined induced map on the lens space

S3

L R

π
f̂

f

where π is a smooth submersion thanks to the Quotient Manifold Theorem
(see [Lee03]). Finally f(L) = [0, π

2

4 ] and the preimages of the minimum and
the maximum are

f−1(0) = {(w, 0) ∈ C2
∣∣|w| = 1} ' S1

f−1
(
π2

4

)
= {(0, w) ∈ C2

∣∣|w| = 1} ' S1

so f is the function required in 1 .

Remark 24. Notice that the C2 hypothesis on f is needed only for the unique-
ness of flow lines at a point. Therefore any other condition on f that assures
this, may replace the C2 condition in the statement. The same remark is
valid for the results proved in section 4.3.

Let us define now a topological object that will play the role of S1 in a
further generalization of Reeb’s Sphere Theorem.

Definition 4.2.5. Consider a chain of g copies of S1 glued together as shown
in figure 4.7. We will call this a g-infinity graph.

Figure 4.7: The 5-infinity graph

Remark 25. The 2-infinity graph looks like the usual infinity symbol, whereas
the 1-infinity graph is just S1. By convention the 0-infinity graph is defined
to be a point.
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Hence the following equivalence holds.

Theorem 4.2.6. Let X be a closed, connected, orientable smooth manifold
of dimension 3. Then the following are equivalent:

1. ∃f : X → R a tame Reeb function with two g-infinity graphs as extrema;

2. X has a Heegaard splitting of genus g.

Proof (sketch). We need just to mimic Lemma 4.2.3 and Theorem 4.2.4.
Regarding the lemma, using regular neighborhoods instead of tubular neigh-
borhoods, we get that sublevels and superlevels are genus g handlebodies.
Then with the same procedure of the theorem we can glue them and obtain
a Heegaard splitting of genus g for X. On the other hand, if we start from
a Heegaard splitting (H1, H2, h) of genus g for X, we may assume that

H1 ' H2 ' {(x, y, z) ∈ R3 such that p(x, y, z) ≤ ε}

where3 p(x, y, z) =
∏g
i=1

(
(x− 2i+ 1)2 + y2 − 1

)2
+ z2. For ε > 0 small

enough, p(x, y, z) has no critical points other than p−1(0) (see Remark 27)
which is a g-infinity graph (Figure 4.8 shows the case g = 2). This polynomial

Figure 4.8: Section corresponding to z = 0 of the handlebody
{p(x, y, z) ≤ 1/2} with g = 2. In green you can see the level
p−1(0) that is a 2-graph.

p plays the role of the function ‖y‖2 in Theorem 4.2.4, so we define f : X → R
to be

f(x, y, z) =

{
p(x, y, z) (x, y, z) ∈ H1

2ε− p(x, y, z) (x, y, z) ∈ H2.

This is a tame Reeb function with two g-infinity graphs as extrema.
3The polynomial p is constructed in the following way: consider at first the polynomial

in two variables x, y whose zero locus is the union of g circles of radius 1 centered on the
x-axis in 1, 3, . . . , 2g − 1; take its square so that the zero locus becomes the minimum;
view this inside R3 adding the square of a third variable z.
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In particular if X has Heegaard genus g, we can separate two g-infinity
graphs. On the other hand, if on X there is a function separating two
g-infinity graphs, then the Heegaard genus of X is ≤ g. Notice that we
can substitute point 2 with "X has Heegaard genus ≤ g" because from a
Heegaard splitting of genus l we can always construct a splitting of genus
l + 1.

Remark 26. Theorem 4.2.4 can be recovered as a particular case of Theorem
4.2.6 for g = 1.

Remark 27. By the Semialgebraic Sard’s Lemma [BCR13], applied to the
function p : R3 → R of Theorem 4.2.6, we know that its critical values are
a semialgebraic set of dimension 0, i.e. a finite set C of points. Therefore
if ε < min{C \ 0}, the sublevel εp contains no critical points other than
p−1(0). More in general the existence of such a function p is guaranteed by
Durfee in [Dur83]. Let Z be a compact algebraic subset of another algebraic
set X ⊂ Rn, such that X \ Z is non-singular. Then there exists a proper
polynomial function q : X → R such that q ≥ 0 and q−1(0) = Z; Milnor
proved that such a function has a finite number of critical values, and so we
can conclude as before.

4.3 Generalization: dimension ≥ 5

Consider a manifold X of dimension n and a Reeb function with two copies
of Sk, k < n, as extrema. The tools used in the proof of Lemma 4.2.3
work only in dimension 3, so there is not a straightforward generalization of
that result. But if we restrict to n ≥ 5, we may use the powerful cobordism
results explained in Chapter 3. With this strategy we can prove the following
statements.

Lemma 4.3.1. Let X be a closed, connected, orientable smooth manifold of
dimension n ≥ 5. Suppose that there exists a Reeb function f : X → R with
two embedded k-spheres as extrema, with 1 ≤ k < n. Then, for ε > 0 small
enough, m+εf and M−εf are homeomorphic to the tubular neighborhoods of
the respective sphere.

Remark 28. To be more precise for dimension ≥ 6 we have a diffeomorphism,
not only a homeomorphism, as we will see in the proof.

Proof. Let us prove this fact for m+εf , then substituting f with −f the
result for M−εf follows. Without loss of generality we may assume m = 0.
Using the same reasoning of Lemma 4.2.3 we obtain that

• the sublevels εf are again all connected;
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• εf deformation retracts on ε′′′g, so it is homotopy equivalent to the
tubular neighborhood4 of f−1(0), i.e. to the disk bundle associated to
the normal bundle NX

(
f−1(0)

)
.

Consider the compact smooth manifold of Figure 4.4:

W = (X \ ε′′′g) ∩ εf

with boundary
∂W = g−1(ε′′′) ∪ f−1(ε).

Thanks to the retraction mentioned above, we can deformW to both g−1(ε′′′)
and f−1(ε), hence W is an h-cobordism. Using the long exact sequence of
the fiber bundle

∂ ε
′′′
g

Sk

it is easy to see that

π1(g
−1(ε′′′)) =

{
Z if k = 1, n− 2

0 otherwise

which makes the Whitehead torsion τ(W, g−1(ε′′′)) always zero. Therefore
the s-cobordism theorem implies thatW ' g−1(ε′′′)×[0, 1], where the symbol
' means "homeomorphic" for n = 5 and "diffeomorphic" otherwise. This
product structure determines an isotopy between the levels of f and g, which
induces an ambient isotopy sending sublevels of the first map to sublevels of
the second one. We can then conclude that εf ' εg.

Therefore from Theorem 4.2.4 we can deduce the following corollaries.

Corollary 4.3.2. Let X be a closed, connected, orientable smooth manifold
of dimension n ≥ 5 and let 1 ≤ k < n. Suppose that there exists f : X → R
a Reeb function with two embedded k-spheres as extrema, with trivial normal
bundle NXS

k ' Sk × Rn−k. Then X is obtained by gluing two copies of
Sk ×Dn−k along their boundaries with a homeomorphism.

Proof. Same construction of the first implication of Theorem 4.2.4.

Corollary 4.3.3. Let X be a closed, connected, orientable smooth manifold
of dimension n ≥ 5. Suppose that there exists a Reeb function f : X → R
with two embedded (n− 1)-spheres as extrema. Then X is homeomorphic to
Sn−1 × S1.

4In the proof of Lemma 4.2.3 the function g was constructed on S1 × R2 but more in
general we can construct it on the normal bundle of f−1(0) inside X that can be embedded
in X. Let (x, y) ∈ NX

(
f−1(0)

)
with x ∈ f−1(0) and y belonging to the fibre on x; define

g(x, y) = ‖y‖2.
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Remark 29. Trivially the converse holds true: on Sn−1×S1 we can construct
a Reeb function with extrema Sn−1, Sn−1. Consider on S1 the standard
angular coordinate ϕ ∈ [0, 2π) and let f : Sn−1×S1 → R be f(σ, ϕ) = sin(ϕ).

Proof. In this case we have that

m+εf ' Sn−1 × [−1, 1] ' M−εf

with a homeomorphism h : Sn−1 × {−1, 1} → Sn−1 × {−1, 1} and without
loss of generality we can assume that{

h
(
Sn−1 × {+1}

)
= Sn−1 × {+1}

h
(
Sn−1 × {−1}

)
= Sn−1 × {−1}.

From now on we will denote with (·)+ the objects related to the connected
component corresponding to {+1}, and with (·)− the ones of the connected
component corresponding to {−1}. In particular, referring to the notation of
Theorem 4.2.4, let us callX+ the subset ofX covered by γ+ = γ

∣∣
f−1(m)×{+1},

and X− the one covered by γ− = γ
∣∣
f−1(m)×{−1}. Topologically both of them

are Sn−1 × [0, T ], as shown in the theorem. So

X =
(
f−1(m)× [−1, 1]

)
∪X+ ∪

(
f−1(M)× [−1, 1]

)
∪X−

=
(
Sn−1 × [−1, 1]

)
∪
(
Sn−1 × [0, T ]

)
∪
(
Sn−1 × [−1, 1]

)
∪
(
Sn−1 × [0, T ]

)
and we can think of it as the mapping torus over Sn−1 of the homeomorphism
γ+ ◦ ξ−. This is a homeomorphism of Sn−1 that preserves the orientation,
therefore it is isotopic to the identity and so X is homeomorphic to Sn−1 ×
S1.

Remark 30. The h-cobordism theorem holds true also in dimension n = 3,
therefore Lemma 4.3.1 is valid also for (n, k) = (3, 2) as well as Corollary
4.3.3.

4.4 The tricky dimension 4

Million dollar question:

What goes wrong in dimension 4?

The first answer is that the s-cobordism theorem fails5 in dimension 4, so we
cannot repeat the same proof of Lemma 4.3.1 in this setting. Basically we

5Notice that the topological h-cobordism theorem in fact works in the simply-connected
case also in dimension 4. Consider an h-cobordism C = {Y0, X, Y1}: by Perelman work
Y0 and Y1 are two copies of S3, so we can glue two disks D4 along the spheres so that the
result is a 4-manifold homotopically equivalent to S4. By Freedman it is homeomorphic
to S4; finally the Generalized Schoenflies Theorem (see [Bro60b; Maz59]) implies that the
cobordism is trivial. But this is just a very particular case in our setting.
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are not able to say whether the sublevel m+εf is a tubular neighborhood of
f−1(m) or not. But now the next question is:

Why does the s-cobordism theorem fail in dimension 4?

And the answer is hidden inside the proof of that result. In fact one of the
tools that come into play is the so called Whitney trick. Informally it is a
procedure that allows (under certain conditions) to untangle two subman-
ifolds of complementary dimension inside a manifold X. This is based on
the existence of some embedded 2-disk; Figure 4.9 gives an intuition of the
operation. The aim is to simplify the intersection of the two sumbanifolds

Figure 4.9: P and Q are the two submanifolds of complemen-
tary dimension. The green region is the embedded 2-disk.
The Whitney trick consists in " pushing Q across P " with
an isotopy following the green arrows.

of X, and this method reduces the study of their embeddings to the study
of the embedding of a 2-disk. Roughly speaking the point is that when
dimX = 4 the trick does not simplify the situation: trying to embed a 2-
disk encounters the same difficulties as trying to embed two 2-dimensional
submanifolds! In [Lac96] an explicit example of the failure of Whitney trick
in dimension 4 is exhibited. In [CS85] the authors construct a whole family
of counterexamples to the s-cobordism Theorem in dimension 4.

4.4.1 Work in progress

The content of this section is not rigorous at all. It wants to give an overview
and sketch some ideas for our future goals.

So far it is clear that the approach used in sections 4.2 and 4.3 cannot
work in dimension 4 if we do not get rid of the h-cobordism theorem. Indeed
in a work in progress we are proving that tame Reeb functions always exist.
Here is an outline of the argument.
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CHAPTER 4. REEB’S SPHERE THEOREM AND SOME
GENERALIZATION

Let X be a closed, connected, smooth manifold of dimension n and con-
sider a handle decomposition

X = h0 ∪ a1h1 ∪ . . . ∪ akhk ∪ . . . ∪ an−1hn−1 ∪ hn

where hi is an i-handle and ai ∈ N is the number of i-handles of X. Let us
"split" the manifold in two parts:

X0 = h0 ∪ . . . ∪ akhk

X1 = (∂X0 × I) ∪ ak+1h
k+1 ∪ . . . ∪ hn

for 0 ≤ k < n, so that ∂X0 = ∂X1 and

X = X0

⋃
boundary

X1.

We expect these two components of X to collapse on two subcomplexes, K0

and K1 respectively. Being Ki a spine of Xi, there is a PL-homeomorphism
Xi \ Ki ' ∂Xi × (0, 1] that may be turned into a smooth diffeomorphism.
The aim is then to construct smooth functions ϕi : Xi → [i, i + 1] with no
critical points outside Ki, such that

ϕ−10 (0) = K0

ϕ−10 (1) = ∂X0 = ∂X1 = ϕ−11 (1)

ϕ−11 (2) = K1.

Attaching the ϕi’s smoothly along the common boundary of X0 and X1, the
result would be a tame Reeb function.

Such an outcome would imply also that one can choose the preimage of
one of the minimum and the maximum. Therefore we expect the following
to be verified.

Theorem 4.4.1 (In progress). Given a closed, connected, smooth manifold
X and a subcomplex K, there exists a tame Reeb function on X with K as
one of the extrema.

39



Bibliography

[AB95] David M Austin and Peter J Braam. “Morse-Bott theory and
equivariant cohomology”. In: The Floer memorial volume. Springer,
1995, pp. 123–183.

[Ale19] James W Alexander. “Note on two three-dimensional manifolds
with the same group”. In: Transactions of the American Mathe-
matical Society 20.4 (1919), pp. 339–342.

[BCR13] Jacek Bochnak, Michel Coste, and Marie-Françoise Roy. Real al-
gebraic geometry. Vol. 36. Springer Science & Business Media,
2013.

[Bro60a] Elmer Julian Brody. “The topological classification of the lens
spaces”. In: Annals of Mathematics (1960), pp. 163–184.

[Bro60b] Morton Brown. “A proof of the generalized Schoenflies theorem”.
In: Bulletin of the American Mathematical Society 66.2 (1960),
pp. 74–76.

[Bro61] Morton Brown. “The monotone union of open n-cells is an open
n-cell”. In: Proceedings of the American Mathematical Society 12.5
(1961), pp. 812–814.

[BT13] Raoul Bott and LoringW Tu.Differential forms in algebraic topol-
ogy. Vol. 82. Springer Science & Business Media, 2013.

[CS85] Sylvain E Cappell and Julius L Shaneson. “On 4-dimensional s-
cobordisms”. In: Journal of Differential Geometry 22.1 (1985),
pp. 97–115.

[Dur83] Alan H Durfee. “Neighborhoods of algebraic sets”. In: Transac-
tions of the American Mathematical Society 276.2 (1983), pp. 517–
530.

[FQ90] Michael Hartley Freedman and Frank Quinn. Topology of 4-Manifolds
(PMS-39), Volume 39. Princeton University Press, 1990.

[Fre82] Michael Hartley Freedman. “The topology of four-dimensional
manifolds”. In: Journal of Differential Geometry 17.3 (1982), pp. 357–
453.

40



BIBLIOGRAPHY

[GS99] Robert E Gompf and András Stipsicz. 4-manifolds and Kirby cal-
culus. 20. American Mathematical Soc., 1999.

[Har02] Philip Hartman. Ordinary Differential Equations. Classics in Ap-
plied Mathematics. Society for Industrial and Applied Mathemat-
ics, 2002. isbn: 9780898715101.

[Hat02] Allen Hatcher. Algebraic topology. Cambridge University Press,
2002.

[Hir97] Morris W. Hirsch. Differential Topology. Graduate Texts in Math-
ematics. Springer New York, 1997. isbn: 9780387901480.

[Kos93] Antoni Kosinski. Differential Manifolds. Vol. 138. Pure and Ap-
plied Mathematics. Academic Press, 1993. isbn: 9780080874586.

[Lac96] M Lackenby. “The whitney trick”. In: Topology and its Applica-
tions 71.2 (1996), pp. 115–118.

[Lee03] John M. Lee. Introduction to Smooth Manifolds. Graduate Texts
in Mathematics. Springer New York, 2003. isbn: 9780387954486.

[Maz59] Barry Mazur. “On embeddings of spheres”. In: Bulletin of the
American Mathematical Society 65.2 (1959), pp. 59–65.

[Mil56] John W. Milnor. “On Manifolds Homeomorphic to the 7-Sphere”.
In: 1956.

[Mil59] John W. Milnor. “Sommes de variétés différentiables et structures
différentiables des sphères”. In: Bulletin de la Société Mathéma-
tique de France 87 (1959), pp. 439–444. doi: 10.24033/bsmf.
1538.

[Mil61] John Milnor. “Two complexes which are homeomorphic but com-
binatorially distinct”. In: Annals of Mathematics (1961), pp. 575–
590.

[Mil63] John W. Milnor. Morse Theory. Annals of Mathematics Studies.
Princeton University Press, 1963.

[Mil66] John W. Milnor. “Whitehead torsion”. In: Bulletin of the Ameri-
can Mathematical Society 72.3 (1966), pp. 358–426.

[Nic07] L. Nicolaescu. An Invitation to Morse Theory. Universitext. Springer
New York, 2007. isbn: 9780387495101.

[Ree52] G Reeb. “Sur certaines propri et es topologiques des vari et es
feuillet ees”. In: Actualit e Sci. Indust 1183 (1952), p. 144.

[Rol03] D. Rolfsen. Knots and Links. AMS Chelsea Publishing Series.
AMS Chelsea Pub., 2003. isbn: 9780821834367.

[Sma60] Stephen Smale. “The generalized Poincaré conjecture in higher
dimensions”. In: Bulletin of the American Mathematical Society
66.5 (1960), pp. 373–375.

41

https://doi.org/10.24033/bsmf.1538
https://doi.org/10.24033/bsmf.1538


BIBLIOGRAPHY

[Sta62] John Stallings. “The piecewise-linear structure of Euclidean space”.
In: Mathematical Proceedings of the Cambridge Philosophical So-
ciety. Vol. 58. 3. Cambridge University Press. 1962, pp. 481–488.

[Sta65] John R Stallings. “On infinite processes leading to differentiability
in the complement of a point”. In: Differential and Combinatorial
Topology (A Symposium in Honor of Marston Morse). Princeton
Univ. Press Princeton, NJ. 1965, pp. 245–254.

[Tie08] Heinrich Tietze. “Über die topologischen Invarianten mehrdimen-
sionaler Mannigfaltigkeiten”. In: Monatshefte für Mathematik und
Physik 19.1 (1908), pp. 1–118.

42



Ringraziamenti

Eccoci qua ai tanto attesi ringraziamenti. Chi mi conosce almeno un po’
sa che non sono brava in queste cose, non per mancanza di gratitudine ma
semplicemente perché di solito opto per dimostrazioni più pratiche. Ma ehi
calma con l’entusiasmo: non aspettatevi troppi sentimentalismi, sono pur
sempre un orso!

Innanzitutto voglio ringraziare il mio relatore, il Professor Antonio Lera-
rio, perché nei momenti più dubbiosi mi ha sempre fatto ritrovare la passione
per la matematica. Grazie per tutto l’aiuto e la disponibilità, per le chiamate
improvvisate su Zoom, per i consigli (anche culinari) e per l’appoggio. Sono
davvero felice di poter continuare a lavorare con lei!
Grazie al Professor Zuddas, che si è imbarcato in questo lavoro con entu-
siasmo e precisione, fornendoci preziosi consigli e un punto di vista che si è
rivelato molto utile.

Grazie ai miei genitori e a mia sorella, che hanno imparato ad asseconda-
re i numerosi “questo weekend resto a Trieste” e i “no, devo studiare” senza
farmeli pesare troppo. Grazie alle nonne, alla loro stima e all’appoggio che
non mi hanno mai fatto mancare. Grazie a zii e cugini sotto casa, che mi af-
fidano Ellie ogni volta che ne ho voglia. Grazie all’altra parte di zii e cugini,
per tutti i pranzi delle domeniche, per i pettegolezzi e i consigli di moda (?).

Grazie alla Sissa, che è diventata la mia seconda casa per questi due anni,
tra l’ufficio, il ping pong e i magici tè al tramonto sulle terrazze. Grazie ai
miei compagni di corso. Mara, che con la sua infinita tenerezza mi ha sciolto
più volte il cuore con perseveranza, nonostante i miei conati di vomito in
risposta alle sue sdolcinatezze. Grazie per aver imparato che dietro alle mie
battute e alle prese in giro c’è tanto tanto affetto. Sono molto fiera di te e
di quanto sei maturata in questi anni, tralasciando la sbadataggine perché
per quella mi sa che non c’è speranza. Non vedo l’ora che arrivino i nostri
weekend tra Lipsia e Berlino e non vedo l’ora di sentirti parlare un po’ di
tedesco.. Gesundheit!
Thank you Rida, my favourite lecchino! Although apparently the only word
you know is “fuuuck” in the end you are always helpful and absolutely bril-

43



RINGRAZIAMENTI

liant. I am a bit scared for the upcoming experience because I know that
I will have to fill in all your documents again but it is good to know that
I won’t be alone. I am proud of the work we did together with Mara and
remember: attiriamo altre basi reali su armoniche random!
Grazie a Riccardo, per tutti i versacci che abbiamo fatto a Mara, per i rim-
proveri riguardanti il mio “grande tatto” con le persone, per le serate a caso
con degli austriaci di passaggio, per i cannoli, per le prese in giro e le risate.
Mi dispiace per tutte le volte che ti sei ritrovato solo tra donne, a parlare
di cerette e quant’altro, ma so che in fondo ti sei divertito anche se non lo
ammetterai mai. Perché il tuo modo giocherellone di esprimere i sentimenti
è molto simile al mio ed è una cosa che apprezzo molto. Prepara il tour per
la Germania che ti aspettiamo!
Camillo, il nostro bellissimo e sexy compagno di corso, voluto da tutti, colui
che ha rifiutato Oxford! Grazie per essere sempre disponibile ad ascoltare e
cercare di risolvere i problemi che ti pongo. Non siamo mai riusciti a farti
stare troppo tempo lontano da casa ma se Maometto non va alla montagna..
Chiara, Mara e Riccardo vengono a scroccare una delle tue cento case sparse
in giro per l’Italia! Grazie dell’ospitalità. Ora vai a Pisa e conquista tutti/e.
Grazie a Maria e Gugu che da cinque anni ormai mi sopportano, e ad Ale
che anche da Trento fa sentire il suo dolce affetto.
Grazie a Marko per le interminabili giornate passate su skype a studiare
durante il lockdown, con il mio amato Wi-Fi, e per le incessanti lamentele.
Grazie a Noemi per la schiettezza che la contraddistingue e per le risate tra
conquiste, cannoli e tè.
Grazie ai miei amici fisici e in particolare a Martina, per i pacchi terroni e
le conseguenti scorpacciate, per le serate al cinema e per non avermi rubato
la macchina!
Grazie a Bianca e a Picci, due matematici al di fuori del circolo triestino,
che da quell’estate a Tarvisio hanno continuato a condividere gioie idee e
curiosità, ma anche ansie e difficoltà.

Grazie alle Ra.Me., perché insieme siamo “quattro bimbe proprio feno-
menal”! E anche se ormai ci siamo disperse in giro per il mondo, riusciamo
sempre a ritrovarci in fretta e possiamo contare l’una sull’altra.
Grazie Vale, perché nonostante la distanza ci sei sempre. Quando ne ho bi-
sogno, ma anche quando semplicemente mi annoio e ho voglia di farmi una
chiacchierata. Tra un viaggio in macchina e un altro, la tua spumeggiante
personalità fa sempre piacere. Grazie per essere un maschiaccio come me,
senza troppi peli sulla lingua e troppe pare mentali; so che potrò sempre fare
affidamento su di te.

Roxi, la mia tesi inizia con te.. e facciamola anche finire con te a sto
punto! Da dove comincio? Durante questi ultimi due anni sono cambiata
tantissimo, come ben sai anche tu dato che ne abbiamo parlato parecchie
volte. Non so però se sai che in buona parte è merito tuo. Mi hai insegnato
a pensare di più, a pormi più domande e a ragionare profondamente sulle

44



RINGRAZIAMENTI

risposte. Ho imparato a conoscermi e a parlare. Grazie per il lockdown tra-
scorso insieme perché penso che meglio di così non sarebbe mai potuto essere!
I nostri fogliettini colorati che tenevano traccia di tutto ciò che accadeva in
quello strano periodo, dalle cose più stupide alle cose più profonde e tristi..
bellissimo. Grazie per il cibo che mi facevi trovare sotto le coperte per tirar-
mi su il morale quando sapevi che non avevo avuto una bella giornata. Non
servono troppe parole con me, sono queste piccole cose ciò che apprezzo di
più. Non dimenticherò le nostre 3 pizze in due, o la pizza fritta ordinata do-
po una cena poco soddisfacente, o tutte le altre volte che abbiamo mangiato
come maiali ridendo fino alle lacrime con Johnny Depp. Non dimenticherò
nemmeno le numerose volte in cui la tua schiettezza o pazzia (chiamala come
preferisci) mi ha messo in imbarazzo, per mezzo delle urla che fai ogni tanto
di punto in bianco. Sirius..fallo! E niente, spero che saremo capaci di portare
avanti questo rapporto anche a distanza perché penso sia una cosa preziosa.
Nel frattempo ci si vede a Rebbbibbia!

45


	Morse Theory
	Morse functions and critical points
	Topology of sublevels
	Morse's inequalities
	Morse-Bott functions

	Handlebodies
	Handle decomposition
	Dimension 3
	Heegaard genus 1

	Cobordism theory
	Cobordism
	The h-cobordism Theorem
	Whitehead torsion and the S-cobordism theorem

	Reeb's Sphere Theorem and some generalization
	Reeb's sphere
	Generalization: dimension 3
	Generalization: dimension 5
	The tricky dimension 4
	Work in progress


	Bibliography

