
'

&

$

%

Rida Ait El Manssour, Mara Belotti,
Chiara Meroni, with Antonio Lerario
Scuola Internazionale Superiore di Studi Avanzati,

Trieste, Italy

Lines on a cubic hypersurface in RP 3

Known facts

A classical result of enumerative geometry says that the
number of complex lines lying on the generic cubic
hypersurface in CP 3 is 27, i.e. ( ν(3)

1,3)C(f ) = 27. If the cubic
hypersurface is real it is proved that the real lines contained in
it can be 27, 15, 7, or 3. So now the question is: how many
real lines are expected to lie on a random real cubic
hypersurface in RP 3?
In their paper [1] Basu, Lerario, Lundberg and Peterson
proved that for the Kostlan case (which corresponds to λ = 1

3 )

Eν(3)
1,3(fKostlan) = E#{lines on Z(fKostlan)} = (6

√
2− 3).

Goal of this poster

We look for a formula for Eν(3)
1,3(fλ) as a function of λ, where

fλ is a random cubic polynomial associated to the distribution
identified with (λ, 1− λ) ∈ R2

+ (see poster 1 for details).

Where should we work?

Following the strategy of the proof for the Kostlan case let’s
look at the Grassmannian G(2, 4) of lines in RP 3 and denote
by τ2,4 its tautological bundle. Then a homogeneous cubic
polynomial f defines a section of sym3(τ ∗2,4) which we will
call σf . In this contest saying that a line l lies on the cubic
hypersurface Z(f ) is equivalent to the fact that σf(l) = 0.
Now if we let f be a random polynomial then the random
section σf on a trivializing chart is a random field. It is useful
to work in these terms because of the Kac-Rice formula [3]
which gives a quite simple way for computing

E#{σfλ = 0}.

How to proceed

Once sym3(τ ∗2,4) is trivialized, the Kac-Rice formula tells that

E#{σfλ = 0} =
ˆ
U

E{| det Jac(w)|
∣∣∣σfλ(w) = 0} p(0;w) ψ∗ωG(2,4)

where U is the subset of the Grassmannian over which the symmetric power
trivializes, w ∈ G(2, 4), p(0;w) is the joint density at zero of the random vector
σfλ(w), and ψ∗ωG(2,4) is the volume form induced by the Plücker embedding.
Because f is O(4)-invariant the integrand does not depend on w ∈ U , so we
can compute it at w0 = {[x0, x1, x2, x3] ∈ RP 3 | x2 = x3 = 0}. By the harmonic
decomposition of R[x0, x1, x2, x3](3) a random invariant Gaussian polynomial is
of the form

fλ = λ
16∑
i=1
ξ

(3)
i h

(3)
i + (1− λ)‖x‖2

4∑
i=1
ξ

(1)
i h

(1)
i

where ξ(m)
i ∼ N(0, 1), {h(3)

i } is an orthonormal basis for H3,3 and {h(1)
i } is an

orthonormal basis for H3,1. Expanding the harmonic basis in the monomial one
and using a strategy similar to the Kostlan case gives

E#{σfλ = 0} = 3(8λ2+(1−λ)2)
16π(2λ2+(1−λ)2)

´
R3

∣∣∣α2 − 12λ2

8λ2+(1−λ)2β
2 + γ2

∣∣∣ e−√α2+β2+γ2√
α2+β2+γ2

dα dβ dγ

This integral can (miracolously!) be computed exactly and:

Eν(3)
1,3(fλ) = 9 (8λ2 + (1− λ)2)

2λ2 + (1− λ)2

 2λ2

8λ2 + (1− λ)2 −
1
3

+ 2
3

√√√√ 8λ2 + (1− λ)2

20λ2 + (1− λ)2


which is the function plotted on the right. The maximum is reached by the limit
case λ = 1 of purely harmonics of degree 3 and is 24

√
2
5 − 3 ' 12, 179.

More in general

Consider now the problem of constructing hypersurfaces in RP n or CP n of degree 2n− 3 with many but finite lines. It is known that in general these numbers are
bounded from below by (2n− 3)!! and for the Kostlan case it is proved in [1] that

lim
n→∞

logEν(2n−3)
1,n (fKostlan)

logE
(
ν

(2n−3)
1,n

)C(fKostlan)
= 1

2
.

How are we supposed to choose a polynomial in such a way that the number of real lines contained in the associated hypersurface is maximized?

Further work

I Generalize the proof for f ∈ R[x0, . . . xn](2n−3) using spherical harmonics of
higher dimension

I Study the behaviour of

lim
n→∞

logEν(2n−3)
1,n (fλ)

logE
(
ν

(2n−3)
1,n

)C(fλ)
as a function of λ: does it have a maximum when fλ tends to be purely
harmonic of top degree?
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